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Abstract 

Let G = {V{G),E{G)) be a simple connected and undirected graph with vertex set 
V{G) and edge set E{G). A set S C V{G) is a dominating set if for each v S V{G) 
either v £ S or v is adjacent to some w £ S. That is, is a dominating set if and 
only if N[S] = V{G). The domination number 7(G) is the minimum cardinalities of 
minimal dominating sets. In this paper, we give an improved upper bound on the 
domination number of generalized Petersen graphs Pick, k) for c > 3 and fc > 3. We 
also prove that 7(P(4fc, k)) = 2A: + 1 for even k, j{P{5k, k)) = 3k for all k > 1, and 
7(P(6fc, k)) = [if;] for fc > 1 and k^2. 

Keywords: Domination number, Generalized Petersen Graph] 



1 Introduction 

Let G = {V{G), E{G)) be a simple connected and undirected graph with vertex set 
V{G) and edge set E{G). The open neighborhood and the closed neighborhood of a vertex 
V G V{G) are denoted by N{v) = {u G V{G) : vu G E{G)} and N[v] = N{v) U {v}, 
respectively For a vertex set S C V{G), N{S) = U N{v) and N[S] = U N[v\. For 
S C V{G), let {S) be the subgraph induced by S. 

A set 5" C V{G) is a dominating set if for each v G V{G) either z; G 5 or u is adjacent 
to some w (z S. That is, 5 is a dominating set if and only if N[S] = V{G). The domination 
number of G, denoted by 7(G), is the minimum cardinalities of minimal dominating sets. 



*The research is supported by NSFC (60973014, 11001035), Specialized Research Fund for the Doctoral 
Program of Higher Education (200801411073) and Research Foundation of DLUT. 
^corresponding author's email : yangys@dlut.edu.cn 
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A subset S C V{G) is efficient dominating set or a perfect dominating set if each vertex of 
G is dominated by exactly one vertex in D. For a more detailed treatment of domination- 
related parameters and for terminology not defined here, the reader is referred to Q]. 

In recent years, domination and its variations on the class of generalized Petersen 
graph have been studW exten.vely MBfl. The generalized Petersen graph P(n.k) 

is defined to be a graph on 2n vertices with V{P{n,k)) = {vi,Ui : < i < n — 1} and 
E{P{n, k)) = {ujWj+i, VjUi, Ujtij+fc : < « < n — 1, subscripts are taken modulo n}. In 2009, 
B. Javad Ebrahimi et al [4] proved a necessary and sufficient condition for the generalized 
Petersen graphs to have an efficient dominating set. 



Lemma 1.1. [2|] If P{n,k) has an efficient dominating set, then j{P{n,k)) = ^ and 
77, = (mod 4). 

Theorem 1.2. [2!] A generalized Petersen graph P{n,k) has an efficient dominating set 
if and only if n = (mod 4) and k is odd. 



Recently, Weiliang Zhao et al [9|] have started to study the domination number of the 
generalized Petersen graphs P{ck,k), where c > 3 is a constant. They obtained upper 
bound on j{P{ck, k)) for c > 3 as follows: 



7(P(cfe,/c)) < 



irfl, ifc = 0(mod3); 

riirfi-rfi> ifc^i(mod3); 
mrfi-rfi + rli' if 2 (mod 3). 



3 1 1 3 1 1 3 1 ' 1 3 

They also determined the domination number of P{3k, k) for k > 1 and the domination 
number of P{Ak, k) for odd k. 

In this paper, we study the domination number of generalized Petersen graphs P{ck, k). 
We give an improved upper bound on the domination number of P{ck, k) for c > 3 and 
fc > 3. We also prove that "f{P{4:k, k)) =2k + l for even k, 'y{P{5k, k)) = 3k for all k > 1, 
and 7(P(6A;, k)) = \^] for A; > 1 and k 2. 

Throughout the paper, the subscripts are taken modulo n when it is unambiguous. 



2 General upper bound of P{ck, k) 

In this section, we shall give an improved upper bound on the domination number of 
P{ck, k) for general c. 

Theorem 2.1. For any constant c > 3 and A; > 3, 



f +a, 


\ic = 


(mod 4); 


f + !-! + «, 


■iic = 


1, 2 (mod 4) and fc = (mod 2); 


gfe-l _i_ h+1 + n 

2 2 ~ ' 


iic = 


1 (mod 4) and k = l (mod 2); 




if c = 


2 (mod 4) and k = l (mod 4); 


f + 


if c = 


2 (mod 4) and A; = 3 (mod 4); 


LfJ + L!J + i + «, 


iic = 


3 (mod 4) and / 4, 8; 


2 4 ^ 


iic = 


3 (mod 4) and A; = 4, 8; 
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where 



LfJ, 



if fc = 1 (mod 2); 
if = (mod 2). 



Proof. To show this upper bound, it suffices to give a dominating set S with the cardinaHty 
equahng to the vahies mentioned in this theorem. Let n = ck, m = [^J and t = n mod 4. 
Then n = 4m + t. 

For k = l (mod 2), let 5o = A U where 

A = {vii ■.Q<i<m — 1} and B = {uii+2 : < i < m — 1}, 



and let 



•S'o, 

So U {Un 

So U {Ur, 

So U {Ur, 

So U {Ur, 

So U {Ur, 

So U {Ur, 



: < i < L|J} 

It is not hard to check that 



_2-4i, U„_4-4i : < j < [|J - 

-2-4i, Mn-4-4i : < 1 < [|] — 

-2-4i,'Un-5-4i : < i < [^J - 

_2-4i,Wn-3-4i : < i < [^] - 



2-4i : < i < LlJ} U {un-3}, if c = 3 (mod 4) and k 

if c = 3 (mod 4) and k 



if c = (mod 4); 

1} U {Un-l}, 

if c = 1 (mod 4) and k = 1 (mod 4); 
1} U K-3}, 

if c = 1 (mod 4) and k = 3 (mod 4); 

1} U {Un-l,Un-3}, 

if c = 2 (mod 4) and k = l (mod 4); 
1}, 

if c = 2 (mod 4) and A: = 3 (mod 4); 

1 (mod 4); 
3 (mod 4). 



fc+i 

2 ' 
fc+1 
2 ' 



|S| = 



f,ifc = (mod 4); 
2 X [^f J + 2 X [|J + 1 = 
2 X Lf J + 2 X r|] + 1 = 
2 X [f J + 2 X [f J + 2 = f + 
2x LfJ+2x r|l = f + 

2 X Lf J + LlJ + 2 = LfJ + LlJ + 1, if c = 3 (mod 4) and k 
2 X [f J + [|J + 1 = [f\ + [|J + 1, if c =i 3 (mod 4) and k 



if c = 1 (mod 4) and k = 1 (mod 4); 
if c = 1 (mod 4) and A; = 3 (mod 4); 
if c = 2 (mod 4) and k = l (mod 4); 
if c = 2 (mod 4) and fc = 3 (mod 4); 

; 1 (mod 4); 
; 3 (mod 4). 



For k = (mod 2), let m2 = [|J and r = c mod 4. Denote 
= ^40 U B4Q U C40 U D4Q U £'40, where 

A40 = {u4fcj + 2+4i, M4fcj+4i : < i < I - 1, < j < m2 - 1}, 

-B40 ~ {v4kj+k + l+4i,'>J'4kj+k+3+4i '■ < i < ^ — 1, < j < 7712 — 1}, 

C40 = {v4kj+2k+4i,U4kj+2k+2+4i ■ < i < j — 1, < j < 7)^2 — 1}, 



D40 = {v4kj+3k+3+4i,U4kj+3k+l+4i : < 7 < 4 
E40 = {7^4fej+3fc : < j < 7772 - 1}, 



< J < 7712 - 1}, 



5, 
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A42 U ^42 U C42 U L>42 U £'42, where 

A42 = {v4kj+4i,U4k]+2+4i : < 7 < - 1, < j < 7772 - 1}, 



-B42 = {v4kj + k+l+4i,U4kj+k-l+4i : < 7 < -^^ 1, < j < 7772 - 1}, 

C42 = {«4fcj+2fe+2+4i,M4fej+2fc+4i : < 7 < - 1, < j < m2 — 1}, 

-D42 = {V4kj+3k-l+4i,U4kj+3k+l+4i : < 7 < — 1, < j < m2 — 1}, 

iJ42 = {V4kj+k-2,V4kj+2k-2,V4kj+4k-3,'U'4kj+2k-3,U4kj+4k-2,- < j < 7772 



1}, 



3 



and 



Then 



Si 



Saq, if fc = (mod 4); 
5'42, if fc = 2 (mod4). 



2x|x^x4+^ 



(c — r)fc . c — r 
2 + 4 ' 



(c — r)fc . c — r 
2 4 ' 



if fc = (mod 4); 
if fc = 2 (mod 4). 



If C 

If C: 



Then 



(mod 4), let S = S4. Then |5| = f + f . 



1 (mod 4), let 



S = 



S4U{l 



-fc+l<i<n-l}, 



if fc = (mod 4); 



5*4 U {ui : n - fc + 1 < i < n - 4} U {vn-k,Vn-3, Mn-i}, if fc = 2 (mod 4). 



\S\ 



(e-l)xfc I c-1 
2 4 

(c-l)xk , c-1 
2 4 



fc-1: 

fc-4- 



ck I _fc 

"2^2 

-3=f + 1 



LfJ -1, 
' ' LfJ - 1, 



If c = 2 (mod 4), let 



5 = 



Si U {u„_2fc+2+4i, Un-2fc+4i : < i < | — 1} 

U{ui : n-k<i<n-l} \ {u„^2k}, 

Si U {v„-2k+ii,Un-2k+2+ii '■ < i < — 1} 

U{ui : n — k — 3<i<n — 5}U {un-s}, 



if fc = (mod 4); 
if fc = 2 (mod 4). 



if fc = (mod 4); 
if fc = 2 (mod 4). 



Then 



\S\ = 

Iic = 3 (mod 4), let 



(e-2)xfc 

{£4^ + £_2 + 2 X ^ + fc 



+ £^+2x|+fc-l = f + | + [f 

1 + 1 



ck I /c 
2 2 



1, if fc EE (mod 4); 

LfJ -1, iffc = 2 (mod 4). 



SiU{v„ 


-ik,v„^ik+3 : 1 < j < 3} 






U{u„. 


-2fc + 2, Un-k + l} \ {fji-fc}, 




if fc = 


Si U {v„ 


-ik,Vn-ik + :i,Vn-ik + 6 : 1 < * < 3} 






U{Un- 


-3fc+4, U„_2fc+2, Un-2k+7, Un-k+1, 


Un-k + s}, 


if fc = 


Si U {v„ 


-3fc+6+4i, ^'n-3fc+4+4i : < 1 < | 


-2} 




U{Vn- 


-2fe+9+4i, 11n-2fe+ll+4i : < J < ^ 


-3} 





s= < 



U{Vn-k + 8+ii,Un-k + 9+ii,Un-k + 10+ii : < i < ^ — 3} 

U{Vn-ik,V„-ik + 3 : 1 < j < 3} 

U{l),i-2fc + 6,^'n-fc + 6, Vn-l} 

U{?in-2fc+2, U„-2k+7, Un-fc+s}, 



54 U {v„-3k+ii,Un-3k+2+ii - <i < — 1} 

U{l'„_2fc + l+4i, '"n-2fe-l + 4i : < 1 < } 
U{D„-fe+3+4i, ^'n-fc+4i, W„_fc+i+4i : < * < 
U{Vn-2k-2,U„-2}, 



fc-2 
4 



1} 



if fc = (mod 4) 
and fc / 4, 8; 



if fc = 2 (mod 4). 



Then 



(c-3)xfc , c-3 _i_14_cfe|fe_i_|c 
2 4 "tJ-^ 2^4~'~L4J> 



+ i + LfJ, 



if fc = 4; 
iffc = 8; 

+ 4^ + 2 X (1^- 1)'+ 5 X (I - 2) + 13 = f + f + [f J, 

if fc = (mod 4) and fc / 4, 8; 
L£d^ + £^+2x(^ + l)+5xi^ + 2 = f + i^ + rfJ, 

if fc = 2 (mod 4). 
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It is not hard to verify that 5 is a dominating set of P{ck, k) with cardinahty equahng 
to the values mentioned in this theorem. □ 



In Figure 2.1 and Figure 2.2, we show the dominating sets of P{ck, k) for 3 < A; < 10 
and 4 < c < 7, where the vertices of dominating sets are in dark. 




Figure 2.1: The dominating sets of P{ck, k) for fc = 3, 5, 7, 9 and c — 4,5,6,7 



As an immediate consequence of Lemma 1.1, Theorem 1.2 and Theorem 2.1, we have 
the following 



Theorem 2.2. For k>l, 

7(P(4fc,fc)) 



2k, if = 1 (mod 2); 

2k + 1, if A; = (mod 2). 



3 The domination number of P{bk, k) 

In this section, we shall determine the exact domination number of P{bk, k) for k >\. 
From Theorem 2.1, we have the following upper bound for P{5k, k). 
Lemma 3.1. For k > A, -/{P{5k,k)) < 3k. 
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7(G) = 9 7(G) = 12 7(G) = 14 7(G) = 16 7(G) = 13 




7(G) = 39 



Figure 2.2: The dominating sets of P{ck, k) for fc = 4, 6, 8, 10 and c = 4, 5, 6, 7 

To prove the lower bound, we need some further notations. In the rest of the paper, 
let S be an arbitrary dominating set of P{ck, k). For convenience, let 

Ai = {vi+jk : < J < c - 1}, 
Bi = {ui+jk : < i < c - 1}, 
A(j) = {vi+jk,Ui+jk}, < j < c - 1, 

for < i < k — 1, where the vertices of Ai are on the outer cycle and those of Bi are on 
the inner cycle(s). For < i < /c — 1, let Gj = {Ai U Bi) be the ith subgraph induced by 
Ai U Bi and Si = V{Gi) n S. 

Lemma 3.2. Let i G {0, 1, . . . ,k — 1}. If there exists two vertices Vx,Vy S Si such that 
\x-y\e {2k, 3k}, then 15^1 > 4. 

Proof. Suppose to the contrary that \S£\ < 3. Without loss of generality, we may assume 
X = £ and y = i + 2k, i.e., vi,Vi+2k G Si (see Figure 3.1). Then at least one vertex of 
{ui+k,Ui+3k,U£+4:k} would not be dominated by S, a contradiction. □ 

Lemma 3.3. For any i € {0, 1, . . . ,k — 1}, \Si\ > 2. Moreover, if there exists an integer 
i & {0,1, . . . , k — 1} such that = 2, then S^ C Bi, S^ is an independent set, and the 
following statements hold. 
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Figure 3.1: The graph for the proof of Lemma 3.1 

(i) If \Se+i\ = 2, then \Si+2\ > 4. Moreover, the equahty holds only if \Si^s\ > 4; 

(ii) If l-S^+il = 3, then |S'^+2| > 3. Moreover, the equality holds only if |5^+3| > 4; 
where the subscripts are taken modulo k. 

Proof. Since (Bi) is isomorphic to C5 and every vertex of Bi must be dominated by Si, 
we have that \Si\ > 2 for any i E {0, 1, . . . , A; — 1}. 

Suppose that there exists an integer £ G {0,1, . . . , k — 1} such that \Se\ = 2. 

Assume to the contrary that 1 5"^ fl i?^ [ < 1 , or \SinBi\ = 2 and Sc is not an independent 
set. Then at least one vertex of Bg would not be dominated by 5, a contradiction. Hence, 
Si ^ Bi and Sg is an independent set. 

(i) Suppose IS'^+ij = 2. Then SiriAi = 0, 5^+1 fl^^+i = and Si+i is an independent 
set. Without loss of generality, we may assume 5^+1 = {u£+i,U£+i+2k}- Since SiCiAi = 0, 
to dominate {vi+i+k,ve+i+3k,ve+i+4k}, we have Vi+2+k, Vi+2+3k,ve+2+4k G Si+2- It follows 
from Lemma 3.2 that > 4. 

If Si+2 = 4, to dominate {ui+2,ue+2+2k}, then Ui+2+k £ Si+2, which implies that 
Se+2 = {ve+2+k,ve+2+3k,ve+2+Ak,ue+2+k} and \Dl_^_2(o) 1^5*^+21 = \Di+2{2) n 5'f+2| = 0. 
Since Si+i n A^+i = 0, to dominate {^£+2, W£+2+2fc}, we have f£+3,U£+3+2fc G S^+s (see 
Figure 3.2 (1)). It follows from Lemma 3.2 that /S^+s > 4. 



Vg^3 ^£+2 V£^i Vi+i 




Figure 3.2: The graph for the proof of Lemma 3.2 
(ii) Suppose = 3. If |5^+2| = 2, then Si H = and 5^_|_2 n Ai^2 = 0- 
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To dominate all the vertices in Ag^i, we have that \D£_^i(^j^ n S^+il > 1 for every j S 
{0, 1, 2, 3, 4}. It follows that \Si^i\ > 5, a contradiction with \S£^i\ = 3. Hence, \Si^2\ ^ 3. 

Now suppose |>S'£+2| = 3. It is easy to see that there exist at least two different index 
Ji, J2 G {0, 1, 2, 3, 4} such that n Se+i = and -Df+i(j2) n 'S'^+i = 0- 

If |ji - J2I {1,4}, that is, |ji - J2I G {2, 3}, say ji = 1 and j2 = 3, since SenAi = 0, 
to dominate {vg^i^k^^e+i+sk}, we have that 17^+2+^5 '^'^+2+3^ € 'S'^+2- It follows from 
Lemma 3.2 that |<S'£+2| > 4, a contradiction with |S'^+2| = 3. Hence, we conclude that 
bi -i2| G {1,4} and \De+^t) n Si+i\ = 1 for t G {0, 1, 2, 3, 4} \ {ji,i2}. 

Without loss of generality, we may assume ji = 1 and j2 = 2. To dominate {ui+i+k, 
U£+i+2fc}, we have that ^^+1,^^+1+3^ € Se+i and v^+i, f^+i+sfc 5'^+i. Since S^riAi = 0, to 
dominate {ve+i+k,ve+i+2k}, we have f^+2+fc, 'f^+2+2fc G 5^+2. Since = 3, to dominate 
{ti£+2, tt£+2+3fc}, we have that U£+2+4fc G 5'£+2. It follows that -Df+2{o) '^1+2 = and 
A+2(3) n Si+2 = 0- Since vi+i,Vi+i+3k ^ Si+i, we have Vi+3,vi+3+3k G S^+s (see Figure 
3.2 (2) for V£^i^4k G S'^+i). It follows from Lemma 3.2 that jS^+sl > 4. □ 

Lemma 3.4. For k > A, -f{P{5k,k)) > 3k. 

Proof. Let 5 be a dominating set of P{5k,k) with the minimum cardinality. If \Si\ > 3 

k-l 

for every i £ {0, 1, . . . , A; — 1}, then '){P{bk, k)) = l-S*! = ^ \Si\ > 3k, and we are done. 

i=Q 

Hence, we may assume that there exists at least one index i € {0, 1, . . . , /c — 1} such that 
\Se\ = 2. 

Let H = {0<i<n — 1: \Si\ = 2, |S'i_i| > 2} and let h = \H\. Let ii,i2, ■ ■ ■ ,ih all 
the integers of H, where < ti < t2 < ■ ■ ■ < th < n — 1. Let Ni = {0 < x < n — 1 : ti < x < 

h 

tj+i — 1} for i = 1, 2, . . . , /i (In particular, t^^i = ti). Clearly, {0, 1, . . . , n — 1} = |J N^. 

1=1 

By Lemma 3.3, we conclude that for any I < i < h, Ni satisfies one of the following 



conditions: 












(a) \Su\ 


= 2, 




hi 


= 2, 


'S't.+2 > 5 and \Sx\ > 3 for any tj + 3 < x < tj+i — 1; 


(b) \Su\ 


= 2, 




fi 


= 2, 


S't.+2 = 4, 5t.+3 > 4, > 3 for any ti + 4<x< U+i 


(c) \Su\ 


= 2, 




-1 


= 3, 


\Sti+2\ > 4, \Sx\>3 for any + 3 < x < tj+i - 1; 


(d) \Su\ 


= 2, 


\Su- 


f-i 


= 3, 


5t.+2 = 3, S'ti+3 > 4, > 3 for any ti + i<x< U+i 


(e) \Su\ 


= 2, 




-1 


>4, 


\Sx\ > 3 for any ti + 2 < x < ti+i — 1. 



It is easy to check that ^ \Sx\ > 3|A'j| for every i E {1,2,... ,h}. It follows that 

^{P{5k,k)) = \s\ = E = i E = E > iE3|iv,| = 

0<2:<fc-l 0<x<n-l 1=1 x£Ni i=l 

lj:\Ni\ = f = 3k. □ 

i=l 
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As an immediate consequence of Lemma 3.1 and Lemma 3.4, we have the following 
Theorem 3.5. For k > 4, 7(P(5/c,/c)) = 3k. 



f 1, and 



It was shown in 0] that j{P{n,l)) = [§] for n ^ 2 (mod 4), 7(P(n,2)) = [ 
7(P(n, 3)) = [f ] + 1 forn = 3 (mod 4) and n ^ 11. Then, we have that 7(P(5, 1)) = 3, 
7(P(10,2)) = 6 and P(15,3) = 9, which implies that P{5k,k) = 3k for k G {1,2,3}. 
Hence, we have the following corollary. 

Corollary 3.6. For k>l, j{P{5k, k)) = 3k. 



4 The domination number of P{6k, k) 



In this section, we shall determine the exact domination number of P{6k, k) for A; > 1. 
Lemma 4.1. For k > A, j{P{6k,k)) < \^]. 



Proof. To show that ■j{P{6k,k)) < \^~\ for A; > 4, it suffices to construct a set S that 



uses [-^1 vertices to dominate P{6k,k). 

Let m = [^J and t = k mod 3. Then k = 3m + t. Denote 



s= i 



< i < fc - 1} U {«, : 3fc < i < 4fc - 1}U 
{vk+M+i : < i < - 1} U {vik+3i+i : < i < 



1}, 



{w4fc+3>+i : < i < ^ - 1} U {vT,k+3^ : < i < ^}U 

, {M3fe_4, D3fe_2, U4fe-3, U4,k-l,V4,k-3, U^k-2,V^k-4,}, 

It is easy to check that 



if t = 0; 



{ui : < i < fc - 1} U {ti, : 3fc - 2 < i < 4fc - 3}U 

{vk+-M+i : < i < ^ - 1} U {vik+z^-l : < I < - 1}U 

{"5fc-2, f5fe-i} U {^;5fe+3i+2 : < i < - 1}, if t = 1; 

K : < i < fc - 1} U {vk+-M+i : < i < -^jU 
{v2k+M+2 : < i < - 1} U {ti, : 3fc < i < 4fc - 5}U 



2 X 3m + 2 X = [if^l, 



1^1 



3 I 3 I ' 

2 X (3m + l)+ '^''"'3+^)-' + 2 X 221 + 2= \if], 
2 X (3m + 2)-4 + 2x(22i + l) + 2x ^llpi 



if t = 2. 



if t = 0; 
if t = 1; 
if t = 2. 



For A; = 0, 1 (mod 3), it is not hard to verify that each vertex in V{P{&k, k)) \ S can 
be dominated by 5. 

For k = 2 (mod 3), we have that 

' N[{u, : < i < fc - 1}], 



iV[K+3,+i :0<*< ^}], 

N[{v2k+3^+2 : < i < - 1} U {u3fe-4,l'3fc-2}], 

N[{u, : 3fc < j < 4fc - 5} U {?i4fe-3, W4fc-i, f4fe-3}], 

A^[{^^4fc+3i+l : < i < -^^^ - 1} U {■lt5fc-2,«5fe-4}], 

I N[{vzk+3^ : < i < ^}], 



if < j < fc - 1; 
if fc < i < 2fc - 1; 
if 2fc < i < 3fc - 1 
if 3fc < j < 4fc - 1 
if 4fc < j < 5fc - 1 
if 5fc < j < 6fc - 1 
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and 



N[{ui ■.0<i<k- 1}], 
N[{ui ■.3k<i<4k- 5}], 

A''[{u3fe_4, U4fe_3, W3fe_2, U4fe„i}], 
N[{u3k-4,U4k~3,'U.5k-2,U4k-l}], 
N[{v5k-4,'U,4k-3,U5k-2,U4,k-l}], 



if j e + 1, 

and £ G {0, 1,5}; 
if j G + 1, 

and £ G {2,3,4}; 
if 3fc - 4 < j < 3fc - 1; 
if 4fc - 4 < j < 4fc - 1; 
if 5A: - 4 < j < 5k - 1. 

lOfc- 



£k + k-l} 
£k + k-5} 



Hence, S is a dominating set of P{6k, k) for A; > 4 with l^l = [-^ 



□ 



In Figure 4.1, we show the dominating sets of P{6k,k) for 4 < k < 12, where the 
vertices of dominating sets are in dark. 




7(G) = 27 7(G) = 37 7(G) = 20 7(G) = 30 




7(G) = 40 

Figure 4.1: The dominating sets of P(6fc, fc) for 4 < fe < 12 



Lemma 4.2. For i G {0, 1, . . . , A; — 1}, \Si\ > 2. If there exists an integer i € {0, 1, . . . ,k — 

1} such that iBid Si\ = 1, then \S£\ > 4. 

Proof. Since (Bi) is isomorphic to Cq and every vertex of Bi must be dominated by Si, 
we have that \Si\ > 2 for every i € {0,1,..., A: — 1}. If there exists an integer £ S 
{0, 1, . . . , /c — 1} such that \B£ (1 Sc] = 1, say Ui G Sc to dominate {u£^2k^ ^^f+sfcj ^^€+4fc}) 
we have t;£_|_2fc , v^+sfc , w^+4fc G 5^. It fohows that \Se\ > 4. The lemma fohows. □ 
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Lemma 4.3. For every i € {0, 1, . . . , A: — 1}, U 5j U S'j+i [ > 10, where the subscripts 
are taken modulo k. 



Proof. Suppose to the contrary that there exists an integer i G {0, 1, . . . , fc — 1} such that 
[S^-i U SiU S'^+il < 9. Combining with Lemma 4.2, we have that 

2 < \St\ < 5 (1) 



for every t £ {i - !,£,£ + !}. 

5 

It is easy to see that V{Ge-i) U V{Ge) U V{Ge+i) = ( U N[ve+jk]) U Bi_i U Bg+i. To 

j=0 

dominate each vertex in Ai, we have that 



\N[ve+jk] n U 5^ U Se+i)\ > 1 (2) 

5 

for < j < 5. It fohows that ^ \N[vi^jk]ri{Si^iU SiU Si^i)\ > 6. From the assumption, 
we have \{Bi^i n Si^i) U (S^+i fl S^+i)] < 3. It fohows that 

n 5£_i| < 1 or n 5^+1 1 < 1. (3) 

If B£_i n 5^_i = or -B^+i n Si^i = 0, say Bi^i n 5^_i = 0, to dominate each vertex 
in we have Ai_i C ^^-i, i.e., jiS^-il = 6, a contradiction with ([1]). Hence, 



\Be^i n Se^il > 1 and n 5^+1 1 > 1. (4) 

It fohows from ([3]) and (jH) that |-B^_i H = 1 or Pi 5^+1 1 = 1, say H 

^^-il = 1. Without loss of generality, we may assume € Si-i. To dominate 

{■U£_i+2fc,'«£-i+3fc,'"£-i+4fc}, we have Vi_i+2k,ve-i+3k, Vi-i+4k G S^^i, which implies 



>4. 



To dominate u^+s^, we have that | {ii£+2A: i ^^£+3fc i ii£+4fc i ^^£+3fc}n5'£| > 1. It follows that 

4 

^ |A^[u£+j/fc] n {Si^i U 5"^ U > 3 + 1 = 4. Combining with ([2]), we conclude that 

i=2 

|(y(G,_i)uy(G,)uF(G,+i)\i?,+i)n(5,„iU5,u5,+i)| = |s,„in5,„i|+ E |Af[^;,+,-fc]n 

j=0 

[Sg-i U 5^ U Si^i)\ > 1 + 7 = 8. Hence, we have 



\Be+inSi+i\ < 1. 

By ([H), we have nS^+ij = 1. It follows from Lemma 4.2 that \Si\ > 2 and l^^+il > 4. 

Since \S£-i\ > 4, we have \Se-i U 5^ U Se+i\ >4 + 2 + 4 = 10, a contradiction with 
assumption. The lemma follows. □ 



Lemma 4.4. For /c > 4, -/{P{6k,k)) > \^]. 
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Proof. Let 5 be a dominating set of P{6k, k) with the minimum cardinahty. Notice that 

6fc-l 

each subset Si is counted 18 times in ^ {\Si\ + \Si^i\ + |S'i+2l). By Lemma 4.3, we have 

1=0 

6k-l 

18 X |5| = Y,{\Si\ + + |5,+2|) > 6k x 10 = 60k, 

i=0 

which imphes that 7(P(6A:, k)) = \S\ > \^~\. □ 

As an immediate consequence of Lemma 4.1 and Lemma 4.4, we have the foUowing 
Theorem 4.5. For k > A, j{P{5k,k)) = 3k. 

It was shown in 0] that 7(P(n, 1)) = § + 1 for n = 2 (mod 4), j{P{n,2)) = \^] and 
7(P(n, 3)) = f + 1 for n = 2 (mod 4). Then, we have that 7(P(6, 1)) = 4, 7(P(12, 2)) = 8 
and P(18,3) = 10, which imphes that P{6k,k) = \^] for k € {1,3} and P{6k,k) = 
[i^] + 1 for k = 2. Hence, we have the following corollary. 

Corollary 4.6. For k > 1, 

7(P(6fc,fe)) = 



[if], ifM2; 
[i§^]+l, iffc = 2. 
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